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Local Harmonic Grammar in Western Classical Music 
 
ONE SENTENCE SUMMARY: Extending the methods of corpus studies from linguistics to 
music theory, I argue that the harmonic syntax of Western classical music can be captured by a 
simple maplike grammar that shows the influence of the higher-dimensional geometrical spaces 
representing familiar chords. 
 
ABSTRACT: To what extent does traditional Western music exhibit a recursive syntax 
comparable to those of natural languages?  To explore this question, I adapt the methods of 
corpus studies in linguistics, assembling databases containing Roman numeral analyses of 56 
Mozart piano-sonata movements and 70 Bach chorales.  Using this data, I provide the first 
quantitative tests of three traditional, local theories of harmonic syntax, and propose a fourth 
theory that fits the data better.  The success of this fourth model suggests, first, that we may be 
able to explain Western harmony without appealing to explicitly recursive principles, and 
second, that the development of Western music may have been influenced by the higher-
dimensional orbifolds representing familiar chords. 

 

In many broadly tonal styles, harmonic progressions are relatively unconstrained: in 

Renaissance music, contemporary popular music, and many folk styles, virtually any diatonic 

triad can progress to virtually any other.  From this standpoint, the music of the Western 

common practice period (roughly, 1680–1880) is exceptional: here, a root position V chord is 

overwhelmingly likely to move to I, whereas it moves to root position IV only rarely.  Many 

commentators have noted that this feature of Western classical music is suggestively language-

like: for just as English involves subject–verb–object ordering, so too does Western classical 
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music seem to have a harmonic syntax according to which subdominant chords precede 

dominants that in turn precede tonics (1).  

The precise nature of this syntax remains an open question for both music theory and 

cognitive science.  Traditionally, theorists have characterized it using maplike representations 

dictating local constraints on which chords can follow which others (2, 3, 4, 5).  More recently, 

figures such as Schenker, Lerdahl, and Jackendoff, have proposed recursive accounts that 

employ tree structures analogous to those in linguistics (6, 7, 8, 9).  Schenker, the first and most 

influential of this group, explicitly denied that Western tonal music obeys the harmonic laws 

described by traditional theory (10).  Lerdahl and Jackendoff do not criticize traditional theory 

directly; instead, they adopt an avowedly Schenkerian perspective that does not invoke local 

laws.  This fact, coupled with their claim to be modeling the “musical intuitions of a listener who 

is experienced in a musical idiom,” implies that their conception of musical competence abjures 

principles such as “IV goes to V but not vice versa” (8).  Instead, Schenker, Lerdahl, and 

Jackendoff all propose that entire musical movements are governed by single syntactical trees, 

and hence analogous to highly elaborated sentences.  If true, this claim would suggest that our 

ability to understand recursion in music is far more powerful than in language (6, 8).  This 

approach has been greeted warmly by cognitive scientists such as Steven Pinker and Noam 

Chomsky, and is regularly cited in debates about the role of recursion in human cognition (11, 

12).  Indeed, music is currently the primary candidate for a nonlinguistic system with a 

sophisticated recursive syntax. 

Where traditional harmonic theories make specific testable claims about musical 

structure, recursive theories generally do not (13, 14, 15). However, by evaluating the adequacy 

of traditional theories, we can test an important motivation for the recursive alternative.  To do 

this, I extend the methods of corpus studies from linguistics to music theory, compiling Roman 

numeral analyses of two familiar bodies of musical work: the 19 Mozart piano sonatas, 

comprising approximately six hours of music, 56 movements, 250 pages of notation, and 13,000 

individual chords; and 70 Bach chorales, comprising about an hour of music, 25 pages of 

notation, and 3000 chords.  These corpora were constructed with the help of 41 music theorists, 

using standard North American Roman-numeral notation (16) supplemented by additional 

guidelines designed to ensure methodological consistency; these guidelines were further refined 
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as the analyses progressed.  Analysts were mostly graduate students or professors of music 

theory, and all data were proofread by a second theorist.  Since this is one of the first efforts of 

its kind, there was no attempt to quantify inter-annotator agreement; analogous projects in 

linguistics suggest that it will take time to develop “common law” principles enabling annotators 

to agree about ambiguous cases. 

These corpora permit the first quantitative tests of traditional theories of elementary 

diatonic tonality.  Meeus’s root motion theory (17) follows Rameau (2) in suggesting that 

syntactical progressions move down by third, down by fifth, or up by step (Fig. 1A).  An 

alternative theory, inspired by Hugo Riemann (3), groups chords into larger categories (tonic, 

subdominant, dominant), asserting that tonal harmony normally utilizes tonic–subdominant–

dominant–tonic progressions (Fig. 1B).  Kostka and Payne, building on ideas in Piston (4) and 

McHose (5), assign iii and vi to their own categories while grouping together only ii/IV, and 

vii°/V; they claim that chords normally progress along the circle of fifths (Fig. 1C).  A fourth 

theory (Fig. 1D), published here for the first time, extends this centuries-old research project by 

arranging chords in a descending-thirds sequence from I to V, omitting the iii chord; any 

rightward motion is permissible but leftward motions must follow the labeled arrows (18).   

These four theories cannot be directly compared to the corpora, since they do not attempt 

to describe sequences, fauxbourdon-style parallel triads, secondary dominants, or chromaticism.  

Furthermore, all theorists agree that tonal music involves a few exceptional chords (notably Iw, 
which typically embellishes V) as well as more sporadic anomalies, such as unusual progressions 

across key changes or phrase boundaries (e.g. Mozart’s Piano Sonata in F major, K332, I, mm. 

70–71).  Table 1 thus eliminates nondiatonic chords, the Iw chord, chord repetitions, sequences at 

least six chords long (with repeating unit of one or two chords), progressions across cadences, 

key changes, and other phrase boundaries, and all three-chord-or-longer passages in parallel first-

inversion triads.  (This eliminates 23% of the progressions in the Mozart sonatas but only 4% of 

those in the Bach chorales, where sequences and parallel first-inversion triads are rare.)  The 

descending-thirds model (Fig. 1D) accurately describes 95–99% of the remaining progressions, 

as compared to 61–74%, 58–77%, and 91–97% for the first three theories, respectively.  

Furthermore, it is the only theory whose claims can be translated into accurate probabilistic 

statements about the corpora (15). 
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These results present a challenge to theorists such as Schenker (10) and Gjerdingen (19), 

who deny that immediate chord-to-chord successions in Western common-practice harmony are 

governed by specifically harmonic conventions.  Tonal harmony, to a good first approximation, 

involves principles such as “IV goes to V but not vice versa.”  In fact, our results indicate that 

traditional harmonic theory is more accurate than even its partisans have suggested: McHose, for 

example, claims that 70% of the harmonies in the Bach chorales conform to conventional 

harmonic norms, whereas our data suggest that the number is closer to 90–95% (5).  This in turn 

poses problems for the claim that functionally tonal music requires recursive descriptions at 

either the compositional or perceptual level.  In natural languages, it is impossible to recover the 

meaning of a sentence without recursive parsing; by contrast, our results suggest that music can 

be comprehended according to local nonrecursive theory.  Furthermore, empirical data show that 

even experienced listeners are perceptually insensitive to drastic manipulations of large scale 

musical structure—including rewriting pieces so that they end in unusual keys, and scrambling 

the order of the phrases within a single piece (20, 21, 22, 23).  Explanatory parsimony should 

thus lead us to ask why composers or listeners would need to employ recursive strategies on 

either the local or global level.  No currently existing theory explains why this is so, nor 

describes the deficiencies that would be exhibited by a musician who understands music in 

accordance with traditional, nonrecursive theory (15). 

While some influential twentieth-century harmonic theories arrange chords in a 

descending-fifths sequence (Fig. 1C), Figure 1D instead arranges the triads as a sequence of 

descending thirds.  Interestingly, this third-based arrangement also plays another, seemingly 

independent role in music theory: third-related diatonic triads share two of their notes, with the 

remaining notes being just one diatonic step apart.  (For example, C major and A minor share the 

notes C and E, an can be linked by the single-step motion G!A.)  In this sense, third-related 

triads are “maximally close” from a melodic (or contrapuntal) perspective.  This is reflected 

geometrically by the fact that the circle of thirds runs through the center of the diatonic lattice in 

the orbifold T3/S3, a space that models contrapuntal relationships among three-note chords (Fig. 

2A, 24).  It follows that it is possible to write a musical passage that is systematic in two distinct 

ways: for example, the music in Figure 2B touches on every permissible harmonic intermediary 

between I and V (Fig. 1D), while also connecting successive triads by minimal melodic 
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movements—thus traversing the lattice in Figure 2A step-by-step.  One can explain the circle’s 

double significance by supposing that common tones and efficient voice leading together create 

the effect of harmonic similarity (25–26): for example, a root position F major triad is very 

similar to a first inversion D minor triad, since the chords share two notes with their remaining 

notes separated by just a step; one chord can therefore replace the other (“third substitution”) 

without significantly disrupting the music’s harmonic or contrapuntal fabric.  By arranging 

chords according to the circle of thirds, Figure 1D guarantees that third-related chords can 

participate in similar chord progressions.  Its success suggests that the development of tonal 

harmony may have been influenced by the geometrical relationships in Figure 2A. 

Theorists since Fétis (27) have recognized that tonal harmony involves at least two 

distinct syntactical systems, the “harmonic tonality” that has been the focus of our discussion so 

far, and, more rarely, repeating or “sequential” progressions in which a single passage of music 

is presented at different pitch levels.  Because sequential progressions abrogate some standard 

harmonic rules (28, 29, 30), we excluded them from our initial analysis. However, the Mozart 

corpus reveals that sequences generally take small steps along the descending circle of thirds, as 

in Figure 1A (31).  Table 2 counts the two-chord sequences in Mozart’s piano sonatas, arranging 

inversionally related pairs so that the leftmost emphasizes short descending motions along the 

circle of thirds.  In each case, the leftward sequence is markedly more prevalent than that on the 

right.  This asymmetry suggests a link between the two major components of tonal syntax: in 

“harmonic tonality,” the descending sequence of thirds organizes motion from tonic to dominant, 

but short steps on the sequence are not required (Fig. 1D); in “sequential tonality,” the 

gravitational pull of tonic and dominant is temporarily weakened, replaced by a preference for 

small steps along the descending circle of thirds (Fig. 1A). 

It is, of course, impossible to prove that traditional harmony is governed by local, 

nonrecursive syntactical rules, since the statistics in any finite corpus can always be reproduced 

by a sufficiently complex Markov model.  But where a small sample of English-language 

sentences would provide abundant evidence for at least some degree of recursion, our extensive 

corpora are entirely consistent with the traditional claim that Western harmonic syntax can be 

captured by simple maplike grammars.  (Furthermore, these nonrecursive grammars are 

consistent with the intuitions of actual musicians, having played an important pedagogical and 
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theoretical role since the early eighteenth century.)  And though other features of music—

including melody and rhythm—are no doubt governed by additional musical principles, there is 

no reason to think that these principles are either fundamentally similar to those governing local 

harmonies, or that they require recursive embedding (15).  Under the circumstances, it is 

reasonable to conclude that the null hypothesis is that Western tonal syntax is not substantially 

recursive.   

Indeed, the nonrecursive theory of Figure 1D can easily be extended to cover sequences, 

secondary dominants, and chromatic chords.  Furthermore, its internal structure suggests 

interesting links to other realms of music theory, including recent geometrical models of 

contrapuntal structure.  Finally, the two corpora may prove useful to scholars interested in 

rigorous data-driven approaches to music theory, to cognitive scientists investigating music 

perception, to computer scientists interested in building automatic music parsers, to linguists 

interested in nonlinguistic syntactical systems, and to theorists interested in constructing more 

specific and testable claims about the scope of musical recursion. 
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Figure 1. Four theories of tonal harmony.  A. Any chord can move down by third, 

down by fifth, or up by second, taking one, two, or three steps along the 

descending circle of thirds.  B. Tonal harmony progresses from tonic (iii, I, vi) to 

subdominant (vi, IV, ii) to dominant (vii°, V, iii) to tonic.  Note that each functional 

group contains a segment of the descending circle of thirds, and that motion 

among the categories also follows the descending circle.  C. Tonal harmony uses 

segments of the circle-of-fifths progression iii–vi–ii–V–I.  These can begin with 

any chord, and IV and vii° can “substitute” for ii and V respectively.  A few 

additional progressions (iii–IV, IV–ii, IV–I, and V–vi) are also permitted.  D. 

Chords can move rightward by any number of steps along the descending-thirds 

cycle from tonic to dominant, but must move leftward along a marked arrow. 
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Figure 2. A. Three-note chords are represented by the orbifold T3/S3, which can 

be visualized as a triangular prism whose base is attached to the opposite face 

by means of a 120° rotation.  If we look only at diatonic chords, the circle of thirds 

lies at the center of the space.  Line segments indicate the potential for single-

step voice-leading.  B. The upper three voices of this progression are at once a 

sequence of diatonic triads connected by maximally efficient voice leading and a 

complete statement of all the potential intermediaries between I and V. 



           Bach Major            Bach Minor 

 
 I vi IV  ii vii V  iii 
I 0 9 28 15 6 41 1 
vi 12 0 11 30 9 33 5 
IV  22 2 0 13 23 39 0 
ii 1 1 0 0 25 71 0 

vii 91 3 2 0 0 4 1 
V  82 9 7 1 0 0 0 
iii 3 32 52 3 3 6 0 
 

 

     Mozart Major           Mozart Minor 

 

 

Table 1. Histogram of transition frequencies for two-chord progressions in Bach 

and Mozart. Values represent percentages for transitions that move from row-

label to column-label.  Sequences, passages in parallel triads, and Iw chords have 

been omitted.  Of the vi–I progressions, the large majority (97%) terminate in I6; 

of the V–IV progressions, the large majority (86%) terminate in IV6.  

 i VI/vi° iv/IV ii°/ii VII/vii° v/V III/III+ 
i 0 9 20 18 12 41 1 

VI/vi° 3 0 14 54 8 19 3 
iv/IV 22 0 0 14 15 48 0 
ii°/ii 1 0 0 0 7 89 3 

VII/vii° 81 0 3 0 0 15 1 
v/V 80 10 6 0 2 0 2 

III/III+ 6 31 25 6 13 19 0 

 I vi IV  ii vii V  iii 
I 0 5 15 13 5 62 0 
vi 9 0 14 52 4 21 0 
IV  50 0 0 19 10 21 0 
ii 1 1 1 0 18 77 0 

vii 82 0 1 0 0 16 1 
V  94 4 1 0 1 0 0 
iii 67 33 0 0 0 0 0 

 i VI/vi° iv/IV ii°/ii VII/vii° v/V III/III+ 
i 0 5 8 9 11 67 0 

VI/vi° 3 0 19 58 13 6 0 
iv/IV 43 0 0 10 9 39 0 
ii°/ii 2 0 0 0 27 71 0 

VII/vii° 74 0 1 1 0 25 0 
v/V 81 8 5 0 5 0 0 

III/III+ 0 0 100 0 0 0 0 



Sequence Inverted Form 
!third 
!third 
(-1, -1) 

2 !third 
!third 

(+1, +1) 

0 

"third 
"fifth 

(-1, -2) 

6 "third 
"fifth 

(+1, +2) 

0 

!fifth 
!fifth 

(-2, -2) 

33 !fifth 
!fifth 

(+2, +2) 

0 

!third 
"step 

(-1, -3) 

8 !third 
"step 

(+1, +3) 

0 

"fifth 
!step 

(-2, -3) 

22 "fifth 
!step 

(+2, -3) 

0 

"third, 
!fifth 

(+1, -2) 

1 "third, 
!fifth 

(-1, +2) 

0 

"fifth, 
"step 

(+2, -3) 

9 "step, 
"fifth 

(+2, -3) 

0 

"step, 
"third 

(-3, + 1) 

0 "step, 
"third 

(+3, -1) 

0 

 
Table 2.  Two-unit sequences, of at least six chords in length, in the Mozart 

piano sonatas.  Those on the left take small steps along the descending circle of 

thirds, either between all successive chords (first five lines), or between units of 

sequential repetition (lines six and seven).  (Numbers in parentheses express 

each motion as a sequence of steps along the circle of thirds, with -1 referring to 

one descending third, +2 referring to two ascending thirds, and so on.)  Note that 

a two-chord descending-third sequence must contain at least one progression by 

ascending third, ascending fifth, or ascending step. 



Local Harmonic Grammar in Western Classical Music 
SUPPLEMENTARY MATERIALS 

 
§1. The data.  The Mozart corpus consists of a text file broken into sections identified by 

Koechel number.  Each begins with a series of header lines identifying composer, piece, 

analyst, proofreader, movement, and time signature.  Further header lines precede each 

individual movement.  Comments and formal divisions are preceded with the words 

“Note:” and “Form:” respectively. 

 A typical line in the database looks like this 

 

m1 b2 IV6 

 

indicating that measure 1, beat 2 is a IV6 chord.  If no beat is specified, the assumption is 

beat 1: “m1 IV6” is the same as “m1 b1 IV6.”  For multiple chords in a measure we use 

the following format: 

 

m14 IV6 b2 V b4 V2 

 

This says there is a IV6 chord on beat 1 of measure 14, a V chord on beat 2, and a V2 on 

beat 4.  For further details, see the guidelines for analysts, included as Appendix A. 

 The Bach corpus contains a text file describing the first 70 chorales in the 

Riemenschneider edition.  The format is identical to that used in the Mozart database, 

with the addition of the symbol “:||” to mark repeats.  About twenty of these analyses 

were done by Princeton undergraduates; however, these were all proofread an extra time, 

first by a graduate student and then by a professor in music theory. 

 

§2. Testing traditional theories of major-mode harmony.  For simplicity, we begin 

with traditional theories of major-mode harmony, postponing questions about recursion 

until §4. 

 The four theories in Figure 1 describe chord progressions as being “common” or 

“uncommon” (or “permissible” and “impermissible”), but they do not make further 
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distinctions within these categories.  In particular, they do not model the fact that some 

common progressions (such as V–I) are considerably more common than others (such as 

V–vi).  This poses an obstacle to testing them quantitatively: standard techniques such as 

Bayesian analysis require that we assign specific transition probabilities to every possible 

two-chord sequence, but the actual theories give us no precise guidance about how to do 

this. 

 One approach is to ask whether the “common” progressions, according to these 

theories, are indeed most likely to occur in our analytical corpora.  That is, we can ask 

whether a given chord x is more likely to proceed to the purportedly common destinations 

c1, c2, etc., than to the purportedly uncommon destinations u1, u2, etc.  This strategy is 

illustrated graphically in Figure S1, where the “uncommon” progressions are shaded.  

(When testing the fourth theory, one should disregard all progressions starting with iii, 

since that chord is itself said to be uncommon.)  The requirement is that the largest 

shaded number be smaller than the smallest unshaded number on each horizontal line (1).  

Essentially this means that there exists a precise assignment of transition probabilities 

compatible with the theory’s claims about “commonness.” 

 Of the four theories in Figure S1, the first (due to Meeus/Rameau) fails 

dramatically, describing as “uncommon” the first- or second-most-common progressions 

originating with I (I–V), vi (vi–V), and IV (IV–I).  Furthermore it asserts that V–iii and 

iii–I are common, when in fact they hardly appear.  Overall its progressions account for 

just 76% of the major-mode progressions in Bach and 64% of those in Mozart.  The 

second theory, due to Riemann, describes as “common” several uncommon progressions 

(like iii–I) and does not explain why functionally identical progressions (such as IV–I and 

ii–I, IV–ii and ii–IV, or V–I and V–iii) can differ in terms of their frequency (2).  It 

accounts for 77% of the progressions in Bach and 63% of those in Mozart.  The third 

theory, which is considerably more accurate than the first two, accounts for 91% of 

Bach’s progressions and 97% of Mozart’s.  It fails most systematically in its description 

of the vi chord, incorrectly claiming that vi–vii°, vi–V, and vi–I6 are uncommon.  (In fact, 

V is the most common destination for vi in the Bach chorales, and the second-most 

common destination for vi in Mozart.)  The theory also asserts that I–iii and iii–vi are 
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common when these progressions are in fact rare. 

 The fourth model is the most accurate, accounting for 95% of the progressions in 

Bach and 99% of those in Mozart.  In the Bach corpus, the purportedly common 

progressions are indeed more frequent than the purportedly uncommon progressions, 

with just two exceptions: vi–iii is fairly common in the corpus but rare according to the 

model, while vii°–V is common according to the model but rare in the corpus.  The fit 

with the Mozart data is also quite good, with the primary mismatch being the progression 

V–IV6 (rare in the corpus but common according to the model).  Since the mismatches 

are different for the two composers, we cannot improve our model without tailoring it 

more narrowly to a specific composer’s vocabulary.  One advantage of quantitative, 

corpus-based music theory is precisely that it can reveal such differences, demonstrating 

that certain progressions are part of Bach’s idiolect but not Mozart’s.  This information 

may be useful in style analysis and authorial attribution. 

 The fourth model also suggests a general principle that might plausibly be said to 

underlie tonal harmony.  Its basic claim—“tonal harmony moves along the sequence of 

descending thirds from tonic to dominant, returning then to the tonic”—is attractively 

simple, and could be internalized by composers even without explicit instruction.  This 

single principle accounts for 16 out of the 21 progressions allowed by the model, with the 

remaining progressions being learnable as common harmonic idioms.  The model’s 

success implies that third-progressions are syntactically fundamental, even though fifth-

progressions might statistically most prevalent in the actual corpus (3).  This is because a 

syntactical descending-fifth progression can typically be “factored” into a pair of 

syntactical descending-thirds progressions, whereas descending-thirds progressions 

cannot typically be factored at all. 

 Note that the accuracy of the last two models creates something of a theoretical 

embarrassment, for while they accurately describe Bach’s harmonic practice, they 

categorize chords in a way that Bach apparently did not.  This is because the models 

consider roots (or, alternatively, a chord’s total pitch-class content) rather than bass notes 

as fundamental guides to chordal identity: {A3, C4, F4} and {F3, C4, A4} are both 

classified as F major chords, whereas in the earlier figured-bass tradition they were 
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understood differently (4).  (To a figured bass theorist, the first is “a chord on A” while 

the second is “a chord on F”; figured-bass theorists would be more likely to consider{A3, 

C4, F4} and {A3, C4, E4} to be related, since the first is “the chord of the sixth on A” 

and the second “the chord of the fifth on A.”)  This should prompt us to ask how the 

theories could be so accurate while departing so dramatically from the concepts that Bach 

apparently used.  

 The fourth model provides an answer, as its descending-thirds structure permits a 

fairly smooth translation between the language of root functionality (or pitch-class 

content) and that of figured bass.  Figure S2 rewrites the model in figured-bass terms, 

arranging harmonies so that chords with the same bass are adjacent to one another.  Once 

again, the same basic rule applies: chords can move arbitrarily rightward, but must follow 

an arrow when moving left.  Of course we must add new leftward arrows to reproduce 

the predictions of root functionality: for example, both “the chord of the sixth on A” and 

“the chord of the fifth on F” (e.g. F major chords) can move leftward to the tonic, and any 

chord of the fifth is allowed to move to the chord of the sixth a third higher (i.e. you can 

always move from root position to first inversion).  While the resulting model is more 

complicated than that in Figure 1D, it is by no means impossibly so.  Indeed, it seems 

reasonable that composers with years of musical training could internalize it, even 

without much explicit instruction. 

 Finally, it is worth reiterating that the analysis described here disregards several 

categories of progressions, including sequences, passages in parallel first-inversion triads, 

and progressions involving secondary dominants.  Altogether, these amount to about 4% 

of the progressions in Bach and 23% of those in Mozart.  In Mozart, the eliminated 

progressions were divided roughly evenly between those involving secondary dominants 

(8%), parallel first-inversion triads (6%), sequences (5%), and chromatic chords (4%) (5).  

It is relatively straightforward to construct accurate theories of secondary dominants (Fig. 

S11–12), sequences (Table 2), and chromatic chords.  Parallel first-inversion triads are 

somewhat more challenging and are a topic for future investigation. 
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§3. Minor mode. Minor-mode harmony is complicated by the fact that the diatonic triads 

can appear in a number of different forms, each associated with one of the three minor 

scales.  Figure S3 identifies the different triadic forms associated with each different 

scale; with the exception of III (which occurs relatively infrequently, and is typically 

preceded by an applied dominant), the most common form of each triad is found in the 

harmonic minor scale: minor triads on i and iv, diminished triads on ii and vii, and major 

triads on V and VI.  Together, the harmonic-minor forms account for 90% and 97% of 

Mozart and Bach’s minor-key chords, respectively. 

 To assemble a matrix of transition probabilities, we can either group together all 

the triads on a particular scale degree (e.g. treating iv and IV as equivalent) or focus on 

the most common form of each triad (e.g. considering only iv and disregarding all 

instances of IV) (Figure S4).  I will adopt the second strategy, since there are a few 

progressions that rarely occur in harmonic minor contexts.  (For example, VI–vii° 

requires a tritone or augmented second in the bass and hence is much less common than 

the melodic-minor vi°–vii°.)  These resulting minor-mode transition matrices are quite 

similar to their major-mode analogues: the correlation between Bach’s major- and minor-

mode matrices is .93, while the correlation between Mozart’s matrices is .71.  Somewhat 

surprisingly, Mozart’s minor-mode matrix is more similar to Bach’s major-mode matrix 

(correlation = .87), largely because Mozart used certain progressions like V–iv6 in minor 

while avoiding their major-mode analogues.  This again testifies to the way corpus-based 

music theory allows us to make fine-grained observations about composers’ styles: it is 

unlikely that even experienced theorists would guess that Mozart’s minor-mode 

progressions resemble Bach’s major-mode progressions more than Mozart’s own. 

 Given the close similarity between major and minor, it is not surprising that the 

fourth theory again outperforms the other three, for essentially the same reasons (Figure 

S5).  To bring out the fit between model and data we can average Bach and Mozart’s 

harmonic practice across both modes—producing a single matrix that represents a 

generic or generalized eighteenth-century practice (Figure S6).  In this matrix the 

common progressions in our model are all associated with transition probabilities of 5% 

or greater, while the uncommon progressions are associated with transition probabilities 
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of 2% or smaller.  In other words, we can replace the vague terms “common” and 

“uncommon” with “probability 5% or greater” and “probability 2% or lower.” 

 

§4. Is tonal syntax recursive?  So far, we have been limiting our attention to traditional 

harmonic theories which assert that tonal syntax involves local constraints about how 

chords move.  The most influential critic of these theories, Heinrich Schenker, proposed 

that tonal music should be understood recursively, with musical patterns being embedded 

within one another much like linguistic clauses.  (Indeed, Schenker explicitly compared 

his recursive musical syntax to a linguistic grammar [6].)  In the 1970s, Schenker’s 

theories began to arouse interest on the part of linguists and cognitive scientists, largely 

because of their resemblance to Chomskyian linguistics—a connection that was noted by 

influential musicians such as Milton Babbitt and Leonard Bernstein (7–8).  This 

observation was taken up by Fred Lerdahl and Ray Jackendoff, whose A Generative 

Theory of Tonal Music (9) adapted techniques from Chomskian linguistics to a 

Schenkerian analysis of music.  Lerdahl and Jackendoff’s work has been well-received 

by a number of linguists and cognitive scientists, including Pinker (10), Chomsky, 

Hauser, Fitch, Pesetsky (11), and others.  For example, Fitch, Hauser, and Chomsky write 

that “the phrasal structure of music shows no obvious limit on embedding” (12) an 

apparent reference to the Schenkerian tradition as filtered through Lerdahl and 

Jackendoff. 

 There is one way in which Lerdahl and Jackendoff go beyond Schenker’s claims.   

Schenker sometimes acknowledged that that it was possible to compose and perceive 

music in a local, nonhierarchical fashion; indeed, it was a recurrent feature of his rhetoric 

that mediocre composers and ordinary listeners did experience music in precisely this 

way (13).  Lerdahl and Jackendoff, in keeping with their Chomskian heritage, reject this 

elitism, converting Schenkerian theory into a set of universal claims about how 

experienced listeners generally perceive tonal music.  Hence it is relevant that there exist 

musicians who believe that they conceive of music nonrecursively, and who are able to 

compose reasonable facsimiles of traditional classical pieces.  Given their commitment to 

universality, Lerdahl and Jackendoff are forced to respond that such musicians are either 
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non-representative (even though they conceptualize music in a manner that is consistent 

with traditional, non-recursive theories), incompetent (despite displaying outward signs 

of musical competence), or self-deluded. 

 Our two analytical corpora pose several problems for the recursive view. 

 First, they provide strong evidence that tonal music is indeed governed by local 

harmonic constraints.  This is on one level unsurprising: such constraints have been the 

subject of explicit theoretical discussion for centuries (14), are currently taught in many 

schools (15), can be internalized by listeners (16), and appear clearly in our data.  Neither 

Schenker, Lerdahl, Jackendoff, nor any other proponent of the recursive approach has 

ever shown how local regularities would arise from a robustly recursive musical syntax, 

nor proposed a recursive musical grammar that contains these local constraints.  

 Second, the local coherence of tonal harmony obviates much of  the motivation 

for recursive descriptions.  Consider Figure S7, which shows Lerdahl and Jackendoff’s 

“time span reduction” of Bach’s chorale “O Haupt voll Blut and Wunden.”  The first 

level of reduction (Fig. S7B) assigns a single chord to each quarter note, even though the 

original music contains two chords on beat 3 of the first full measure.  (In removing the 

IV6, the reduction eliminates a significant feature of the original, which presents IV 

chords on beats 1 and 3 and I chords on beats 2 and 4.)  The second level of reduction 

(Fig. S7A) chooses just a single chord for each half note.  (Note that the large-scale I–V–I 

on this level contains an embedded I–IV6–Ve–I on the local level.)  But the successions 

on all three levels are consistent with the local harmonic grammar in Figure 1D: rather 

than exhibiting a simpler structure, the reduced levels simply have fewer chords.  It is 

therefore unclear what cognitive advantage would be served by conceptualizing the 

music as in Lerdahl and Jackendoff’s analysis, particularly since hierarchical cognition 

typically imposes greater burdens on working memory (17).  What uncontroversial facts 

would be missed by a composer or listener who said “I conceive of the music as 

containing exactly the chords listed under the top system of Figure S7, behaving exactly 

as traditional harmonic theory leads us to expect, and with none of the progressions being 

embedded within any of the others”?   
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Indeed, it is worth asking whether there are any obvious deficiencies that would 

be exhibited by a listener who conceives of music nonrecursively, but who also (1) 

accurately tracks the progression of local harmonies within a piece; (2) follows large-

scale key relations over large time scales; (3) attends to themes, motives, their 

development, and their recurrences; (4) is strongly affected by music on an emotional 

level; (5) is keenly aware of changes in instrumentation and orchestration; (6) pays 

careful attention to rhythm, accent, and syncopation, both on the small scale and over 

larger temporal spans; (7) understands generic conventions and the way they are used, 

bent, or abrogated within specific pieces; (8) places a given piece into a historical 

context, while also being sensitive to the way in which composers deploy quotation, 

paraphrase, and extra-musical references; and (9) attends to nuances of performance and 

understands how these belong to their own historical tradition.  None of these tasks 

requires recursion in the strict sense, but a listener who can perform all of them well 

would likely be considered extraordinarily sensitive, ranking highly in any attempt to 

quantify listener competence.  Yet Schenker, Lerdahl, and Jackendoff postulate an 

additional level of competence, over and above these abilities, which involves organizing 

music recursively (18).  In what specific contexts would the imagined listener’s 

deficiencies reveal themselves? 

By contrast, this issue simply does not arise in linguistic contexts.  Consider a 

sentence like 

 

(1) The man whose dog got run over by the car last weekend hauled off and 

kicked my neighbor’s cat.  

 

To extract its semantic content, it is necessary to associate initial noun “the man” with the 

final verb “kicked.”  In the musical example, where there is neither referential semantics 

nor a obvious recursive formal organization, it is not at all clear why a musician would 

need to conceive of the I chord at the beginning of Figure S7 as progressing to the V 

chord on beat 2 of measure 2; instead it seems entirely possible conceive that initial I 

chord as moving to the IV that immediately follows it (19).  (From this point of view the 
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music presents a concatenated sequence of harmonic cycles: I–IV–I, I–IV6–Ve–I, and I–

iie–V7–I [20].)  Lerdahl and Jackendoff provide few arguments, and little evidence, either 

against the traditional approach or for their recursive alternative; instead, recursive 

organization is explicitly assigned the status of a fundamental hypothesis (21). 

 Third, Schenker, Lerdahl, and Jackendoff all subscribe to a holist view according 

to which entire tonal pieces are said to be recursive elaborations of a single basic tonal 

progression—the analogues of vast, highly ramified sentences.  Intuitively, this is 

somewhat implausible, since musical pieces are orders of magnitude longer than spoken 

or written sentences: a tonal piece can last up to twenty minutes and involve tens of 

thousands of notes, whereas sentences have on average less than 20 words and last just a 

few seconds (22).  Thus the holist view, if correct, would imply that our powers of music 

perception far outstrip our powers of linguistic perception—an extraordinary claim, given 

the centrality of language to our species’ survival, and one of immense relevance to 

cognitive science.  However, as mentioned in the main text, the empirical data suggest 

that listeners do not in fact form sophisticated and accurate representations of entire 

musical pieces, being unable to distinguish variants that have been rewritten so as to end 

in an unusual key (23, 24), or even subjected to wholesale rearrangement of their phrases 

(25, 26).  This body of work, which arose subsequent to the publication of A Generative 

Theory of Tonal Music, strongly suggests that music perception is less recursive, and less 

accurate, than Lerdahl and Jackendoff suppose. 

Of course, one cannot hope to prove, on the basis of a finite dataset, that a 

particular syntactical system is nonrecursive.  The best we can say is that a significant 

collection of reasons support the traditional approach: (1) when we look at the most 

clearly syntactical feature of Western classical music, its harmonic structure, we find no 

evidence of recursion in our corpora; (2) an equivalent sample of English would, by 

contrast, provide abundant evidence for recursion; (3) traditional, nonrecursive theories 

about musical syntax are supported by the data; (4) these nonrecursive theories are 

consistent with the intuitions of at least some fluent speakers of the classical style 

(including composers like Rameau and Piston); (5) there are currently no general 

recursive theories of classical syntax sufficiently well-defined as to be testable against 
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our data; (6) there are no clear criteria of competence (such as the ability to extract the 

meaning of a natural-language sentence) by which to rule out non-recursive musical 

approaches as being inadequate; (7) the recursive approach has historically been 

associated with the view that music does not obey local chord-to-chord constraints, a 

view that is inconsistent with our corpus; and (8) the recursive approach has historically 

been associated with the view that entire musical pieces are highly embedded recursive 

structures analogous to single sentences, a view that is not supported by the psychological 

data.  None of these points is strictly incompatible with the possibility that there could be 

some testable recursive model that incorporates traditional theory as a nonrecursive 

subset.  But the absence any such theory, despite decades of theorizing, implies that the 

traditional approach is a reasonable default hypothesis. 

 

§5. Higher-order harmonic constraints.  Clearly, lower-order Markov models do not 

fully capture the complete harmonic competence of Western tonal composers.  Figure S8 

presents a collection of progressions generated by a second-order Markov model using 

the observed transition frequencies in Mozart’s sonatas.  To my ear, the fourteen 

numbered progressions are syntactical, and would not be particularly out of place in a 

classical-style piece.  But the more extended stretches of the model’s output are clearly 

computer-generated, and do not sound like the product of a human mind. 

To better understand this, it is useful to compare the expected frequencies of 

three-chord progressions (trigrams) with their actual number of occurrences.  Given a 

trigram X!Y!Z, we can calculate its expected number of appearances if we know the 

absolute number of X!Y progressions as well as the percentage of Y chords that go to Z.  

This permits us to identify trigrams which appear much more or less often than expected.  

In particular, it is useful to look at progressions X!Y!Z which are permitted by the 

model in Figure 1D, but which do not appear in the corpus.  There are 71 possible three-

chord major-mode progressions satisfying the constraints in Figure 1D; of these 65 

appear in Mozart’s sonatas (Figure S9).  Some of the missing trigrams may reflect small 

sample size: the starred progressions in Figure S9 sound reasonably idiomatic and can be 

found elsewhere in the baroque and classical literature (27).  The remaining progressions, 
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however, do not sound particularly idiomatic.  In two cases, the bass line is awkward: vi–

I6–vi has unusual leaps, while vi–V–IV6 involves a somewhat aimless alternation 

between scale-degrees 5 and 6.  The final omission, vi–I6–viio6, may be explained by the 

fact that the progression vi–I6 is typically the start of a three-chord idiom that concludes 

with either ii6 or IV (28).  This is the clearest example of a potentially second-order 

harmonic law, since the two-chord progression vi–I6 almost always appears in the context 

of a particular three-chord progression. 

Figure S10 lists some more over- and under-represented trigrams in Mozart’s 

sonatas.  Some of the over-represented progressions illustrate Gestalt-style principles of 

good continuation (for instance I–I6–V and vi–ii–V both repeat the same bass interval 

twice), while others testify to Mozart’s habit of repeatedly alternating between the same 

two chords (e.g. IVw–I–IVw).  Among the under-represented progressions some involve 

aimless bass lines (I–vii°6–I, I6–Vr–!6) or nonidiomatic uses of the Iw chord (I–V7–Iw), 
while a few others contravene the principle that stronger dominants typically follow 

weaker ones rather than vice versa (e.g. V7–I–Ve).  All of these progressions suggest that 

the longer-range principles governing Mozart’s harmonic language are less syntactical 

than heuristic—analogous perhaps to the principles governing the construction of a 

logical paragraph, rather than a syntactical sentence. 

Thus we can acknowledge that tonal harmony involves longer range principles 

without subscribing to the claim that it has a distinctively recursive syntax analogous to 

those of natural languages.  Our data are consistent with the view that classical music 

involves fairly strict local harmonic rules (“avoid V–ii”), a few longer idioms (vi–I6–

IV/ii6), and general principles about good phrase design (e.g. “reserve strong root-

position tonics for the beginning and ending of the phrases, using a root position V–I 

cadence, coupled with a  ±2–±1 melodic descent, at the end,” “progress from weaker to 

stronger dominants”).  Still longer-range principles of course govern modulation, 

thematic development, form, and so on, as well as the interaction between melody, 

rhythm, and harmony.  But it is entirely possible that these principles resemble the 

pragmatic and rhetorical principles governing larger stretches of English prose rather than 

formal syntax itself. 
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§6. Potential alternative sources of recursion in tonal harmony. It remains possible 

that there are other features of the music that are recursively organized, even if the 

diatonic chord progressions are not. 

The most obvious are progressions involving “secondary dominants”—that is, 

progressions like I–V/vi–vi–V–I in which a major or minor triad is preceded by its own V 

or vii° chord.  The recursive aspect lies in the fact that a V–I progression in one key is 

embedded within a longer progression in another key, a process known as “tonicization.”  

(Here, V–i in the key of vi is embedded within I–vi–ii–V–I.)  However, tonicizations 

rarely last more than a few chords, and almost always involve a single V–I.  

(Tonicizations involving secondary predominants, such as ii/x–V/x–x extremely rare, and 

repeated V/x–x progressions are quite infrequent [29].)  For this reason, there is no 

principled obstacle to incorporating tonicizations within a lower-order Markov model: 

one simply needs to augment the rule permitting I–vi, for example, with rules permitting 

I–V/vi and V/vi–vi (Figure S11).  Furthermore, tonicizations invoke no syntactical 

obligation to return to the home key: where a sequence like “the man whose dog got run 

over” is incomplete, requiring some sort of continuation for “the man,” the progression I–

V/vi–vi may stay in the new key, or progress to some other key, without returning to a 

cadence in the original key.  (In this sense, the initial I chord is “left dangling.”)  

Tonicizations thus contrast with the recursive embeddings in natural language, which 

engender long-range syntactic obligations. 

Some writers (30) have proposed an explicitly recursive rule whereby a dominant 

(V) chord can be embellished with its own dominant chord (V/V), which can in turn be 

embellished with its own dominant chord (V/V/V), and so on without limit.  But there is 

relatively little evidence for this rule in our corpora.  First, the sample of Bach chorales 

contains no progressions of the form V/V/x!V/x; applied dominants almost always 

resolve directly or deceptively, rather than proceeding down by fifth to another applied 

dominant (31).  In Mozart, such progressions do occasionally appear (32 progressions out 

of 13,028, or 0.2%), though there are just a handful of progressions of the form 

V/V/V/x!V/V/x!V/x (6 progressions out of 13,028, or just 0.05%).  Furthermore, every 
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one of these three-chord progressions occurs in sequences, which are subject to distinct 

syntactical rules (32).  Second, it is possible that classical composers understood applied 

chords as alterations of diatonic chords, rather than being purely recursive elaborations of 

the terminal V.  (Thus B7, in the key of C, would be understood as “the chord on the 

seventh scale degree [B], with a raised third and fifth,” rather than simply “the dominant 

of the dominant of the dominant of the dominant of the dominant.”)  If so, then we might 

expect that progressions such as I!V/V/V/V/V/V, or C!Fs7 in the key of C, should be 

rare, since the root of the Fs7 chord is foreign to the key of C major.  (In other words, Fs7 

requires a more dramatic departure from the key, as it is built upon a nondiatonic root.)  

The purely recursive interpretation, by contrast, gives no reason to expect that there 

would be a sharp difference between Fs7 and B7 in the key of C (33).  And in fact, the V 

chord on s±4 or f±5 (e.g. Fs7/Gf7 in the key of C) does not appear in either of our corpora, 

even though the dominant chord on scale-degree seven (e.g B7 in C) does appear in 

Mozart.  Third, short chains of applied dominants—such as those actually appearing in 

Mozart—are consistent with the finite-state, nonrecursive grammar in Figure S11.  And 

fourth, even if one were to accept the proposed rule in its full generality, it can trivially 

be accommodated by the simple finite-state grammar in Figure S12; we simply permit 

every dominant seventh chord to progress to another dominant seventh chord a fifth 

below it.  All in all, then, it seems that a nonrecursive approach can describe extended 

chains of secondary dominants, either in the restricted form in which they actually appear 

in the corpora, or in the more abstract form described above.  There is no reason to think 

that this particular idiom, rare but not unknown in Mozart’s sonatas, supports the claim 

that the syntax of classical music is generally recursive. 

 Key relations provide another possible hint of recursive structure, since they seem 

to echo chordal procedures at a higher temporal level: just as a traditional tonal piece 

moves through harmonies according to standardized patterns (Fig. 1), so too do pieces 

typically move through keys in conventional ways.  (For example, in most major-key 

pieces, the first modulation is often to the dominant key; while in minor pieces, it is to the 

relative major [34].)  Here, however, it is useful to distinguish hierarchy from recursion.  

While tonal pieces typically move through the keys according to pre-established norms, 
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these are not equivalent to the norms that characterize chord progressions: for example, in 

tonal pieces, the dominant key area typically precedes the subdominant key area, the 

exact reverse of what is found on the chordal level.  Furthermore, key progressions 

themselves are not clearly hierarchically organized: in a modulation like C major!A 

minor!E minor, the final key is not obviously the dominant of A as opposed to the 

mediant of C.  Thus it is possible that tonal music exhibits a relatively simple two-level 

hierarchy whereby chords progress within keys while keys progress according to their 

own rules. 

 A third possible source of recursion, one that is central to Schenkerian theory, 

involves long-range melodic connections.  In Schenker’s writing, simple melodies such 

as E5-D5-C5 can be embedded within one another, producing the arbitrarily long-range 

dependencies characteristic of recursion.  Thus, Schenkerians will claim that a certain E5, 

heard at the beginning of a piece of music, progresses to a D5 heard several minutes later.  

But the importance of these connections is a highly subjective matter, and their 

perceptual relevance is far from clear.  (Many musicians doubt that they hear such long-

range melodic connections, or that they are relevant to perception [26, 35].)  Furthermore, 

there are currently no testable scientific theories that explain how to construct recursive 

analyses on this basis (36).  On the contrary, Schenkerian analysis is often considered to 

be an interpretive art requiring a considerable input from artistic intuition—thus making 

it resistant to scientific evaluation. 

 There are a number of other features of musical structure that have been said to be 

recursive.  Sadai, for example, proposes that any chord A can be elaborated by any other 

chord B by way of an A!B!A progression, but this seems to be inconsistent with the 

data in our corpus (37).  Lerdahl and Jackendoff propose that rhythmic structure involves 

hierarchically nested accents reminiscent of those in phonology (38); many music 

theorists agree that some such rhythmic hierarchy exists, though there is disagreement 

about how many levels it has (39).  In a very different vein, Mark Steedman (40) and 

Philip Johnson-Laird (41) have proposed that jazz musicians embellish pre-existing 

harmonic structures in a way that cannot be captured by simple first-order Markov 

models.  However, this claim has no obvious relevance to music that does not embellish a 



15 

preexisting structure—which is to say, most classical music—and it is compatible with 

the possibility that the embellishments continue to obey a local harmonic grammar (42).   

Cognitive scientists, I suggest, have reason to take these claims seriously, 

subjecting them to rigorous empirical investigation.  For if tonal music is truly recursive 

in the way Schenker, Lerdahl, Jackendoff, and others have proposed, then it provides the 

primary nonlinguistic example of a sophisticated syntactical system.  A compelling 

demonstration of musical recursion could have profound implications for our 

understanding of the human mind, indicating that there is a deep link between music and 

language, as well as providing prima facie evidence that syntactical recursion is available 

to general cognition.  (Furthermore, if Lerdahl and Jackendoff are right, then our 

recursive abilities in the musical domain are better by orders of magnitude than those in 

the linguistic domain, a fact that could be highly relevant to our understanding of human 

evolution.)  On the other hand, if the recursive description is not justified, then music 

may be very different from language: simpler, largely local in its effects, and devoid of 

the kind of long-range dependencies that characterize natural languages.  Our two 

musical corpora are consistent with this second possibility.  But whichever perspective 

should ultimately turn out to be correct, the matter is one that can and should be studied 

carefully and with as much data as we can manage to assemble.
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(19 of 42 progressions)
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I
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Tymoczko

(21 of 42 progressions)

*

* = I6 only          † = IV6 only

†

 
                                   Mozart                                                     Bach 
 

  I vi IV  ii vii V  iii 
I 0 5 15 13 5 62 0 
vi 9 0 14 52 4 21 0 
IV  50 0 0 19 10 21 0 
ii 1 1 1 0 18 77 0 

vii 82 0 1 0 0 16 1 
V  94 4 1 0 1 0 0 
iii 67 33 0 0 0 0 0 

 
 
Fig. S1. Common harmonic progressions according to the four theories 

considered in this paper, along with the actual major-mode transition probabilities 

in the two corpora.  A shaded square means that the progression (row 
label)!(column label) is considered uncommon or impermissible. 

 I vi IV  ii vii V  iii 
I 0 9 28 15 6 41 1 
vi 12 0 11 30 9 33 5 
IV  22 2 0 13 23 39 0 
ii 1 1 0 0 25 71 0 

vii 91 3 2 0 0 4 1 
V  82 9 7 1 0 0 0 
iii 3 32 52 3 3 6 0 
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Fig. S2. The root-functional theory in A can be re-expressed in the language of 

figured-bass theory (B).  Here again, chords can move arbitrarily far to the right, 

but must follow an arrow when moving leftward.  Shaded chords are uncommon.  

The resulting theory is somewhat more complicated than the root-functional 

version, though it is also more precise: for example, it includes the assertion that 

V6–I6 is rare. 
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                               A         B 
 

 
Natural 

minor 
Harmonic 

minor 
Melodic 

minor 
i 100 

ii°/ii 96 4 
III/III+ 83 17 
iv/IV 72 28 
v/V 9 91 

VI/vi° 80 20 
VII/vii° 9 91 

 

 

Fig. S3. Percentage of triads from the three minor scales in Bach (A) and Mozart 

(B).   

 
Natural 

minor 
Harmonic 

minor 
Melodic 

minor 
i 100 

ii°/ii 87 13 
III/III+ 100 0 
iv/IV 92 8 
v/V 2 98 

VI/vi° 92 8 
VII/vii° 2 98 



19 

         A        B 

 
 i VI/vi° iv/IV ii°/ii VII/vii° v/V III/III+ 
i 0 9 20 18 12 41 1 

VI/vi° 3 0 14 54 8 19 3 
iv/IV 22 0 0 14 15 48 0 
ii°/ii 1 0 0 0 7 89 3 

VII/vii° 81 0 3 0 0 15 1 
v/V 80 10 6 0 2 0 2 

III/III+ 6 31 25 6 13 19 0 
 

 

               C        D 

 
 i VI/vi° iv/IV ii°/ii VII/vii° v/V III/III+ 
i 0 5 8 9 11 67 0 

VI/vi° 3 0 19 58 13 6 0 
iv/IV 43 0 0 10 9 39 0 
ii°/ii 2 0 0 0 27 71 0 

VII/vii° 74 0 1 1 0 25 0 
v/V 81 8 5 0 5 0 0 

III/III+ 0 0 100 0 0 0 0 
 

Fig. S4. The transition matrices for Bach (A–B) and Mozart!s (C–D) minor-mode 

harmonic practice.  For each composer, there are two matrices, one of which 

includes all possible chords on each scale degree, the other of which includes 

only the most common of the two forms.  In both cases, the two versions of the 

matrix are highly similar. 

 

 i VI iv ii° vii° V III 
i 0 8 16 19 11 45 1 

VI 3 0 14 69 0 10 3 
iv 29 0 0 20 5 46 0 
ii° 2 0 0 0 3 95 0 
vii° 85 0 0 0 0 15 0 
V 89 7 4 0 1 0 0 
III 0 29 14 14 29 14 0 

 i VI iv ii° vii° V III 
i 0 5 7 9 12 68 0 

VI 4 0 21 64 7 4 0 
iv 48 0 0 8 9 35 0 
ii° 0 0 0 0 23 77 0 

vii° 74 0 1 1 0 25 0 
V 82 7 5 0 6 0 0 
III 0 0 0 0 0 0 0 
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Bach Mozart  
Major Minor Major Minor 

Meeus/Rameau 76 76 64 61 
Riemann 77 74 63 58 

Kostka & Payne 91 92 97 93 
Tymoczko 95 95 99 97 

 

Fig. S5. The percentage of diatonic, nonsequential progressions in the corpora 

accounted for by the four traditional theories described in Figure 1. 
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 I VI IV II VII V III 
I 0 7 18 14 9 53 1 

VI 7 0 15 48 9 20 2 

IV 34 0 0 14 14 37 0 

II 1 1 0 0 19 77 1 

VII 82 1 2 0 0 15 1 

V 84 8 5 0 2 0 0 

 

Fig. S6. Average transition probabilities in Bach and Mozart, major and minor 

modes.  The boldfaced values are those permitted by our model.  These 

numbers are all greater than or equal to 5, while the remaining numbers are all 

less than or equal to 2. 
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Fig. S7. Lerdahl and Jackendoff!s reduction of the chorale “O Haupt Voll Blut und 

Wunden” (BWV 244.44, Riemenschneider 80; “Herzlich thut mich verlangen” in 

some editions).  Level C shows the music as it actually appears; level B chooses 

one chord for every quarter note; while level A chooses one chord for every half 

note.  At each level, the progressions obey the local grammar in Figure 1D. 
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Major: 

 

1. I–V7–IV6–Ve–I 

2. I–IV–I6–Ve–I–ii6–Iw–V–I  

3. I–ii–V7–ii°w–V7–ii°w–V7–ii°w–V7–I  

4. I–fVI–iv7–vii°7/V–V–V2–I6–V6–I–ii6–Iw–V7–I 

5. I–vii°r/V–V6–V7–I 

6. I–V7–vi–iie–V7–I 

7. I–I+6–IV–Iw–V–I  

 

Continuous output: I–IV–V–I6–IV–Iw–V7–I–vii°7–I–ii6–Iw–V–V7–I–vii°6–I6–V7/IV–

IV–vii°–I–It/V–V–Iw–V6–IV6–iii6–ii6–I6–IV–Iw–IV6–Iw–ii6–Iw–V–I6–IV–Iw–V–I–V6–

si°–Vr–V2–I6–V7–I–V2–I6–V2–I6–V2–I6–IV–V7–I–V6–I–IV6–Iw–V2–I6–V2–I6–I–Vr–
I6–I–Ve–Vr–I6–V6–I–I6–V2–I6–ii6–Ve/V–iii6–Ve/vi–IV6–iii6–ii6–Ve/V–V–Iw–I–V7–I–

I–IV–V7– 

 

 

Minor:  

 

1. i–ii°6–iw–V–i 

2. i–iv7–VII7–III7–VI7–iiø7–V7–iw–V7–i 

3. i–V2/iv–IV6–Gere–V–vii°7/V–V–vii°r–i6–ii°6–iw–V7–i 

4. i–iv–iw–iv6–iw–V7–i 

5. i–VI6–vii°r/V–V6–vii°r–i6–IV–ii°6–V–i 

6. i–iiøe–V–i 

7. i–VI6–vii°7–V–VI–Gere–V–vii°7/V–V–vii°7/V–V2–Vr–i6 

 

Continuous output: i–V6–vii°7–Ve–i–i2–VI–iw–vii°7/V–iw–V7–i–V7–i–N6–i6–vii°6–i–

vii°7–i–Vr–Ve–i–V–V7–i–vii°e–i–vii°–i–vii°7–i–Ve–i–Ve–i–ii°6–V7–i6–ii6–vii°/V–V–

vii°/V–V–vii°/V–V7–i–IV7–VII–III7–vi°–V7–i 

 

 

Fig. S8. Random harmonic progressions generated by a second-order Markov 

model using the observed transition probabilities from the Mozart sonatas.  For 

each mode, I have shown seven syntactical progressions generated by the 

model, as well as a longer sample of the model!s output.  The seven 

progressions were drawn from a longer selection of about 80 chords. 
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 I vi IV ii vii° V iii 
I  vi   vi   

vi     I*   

IV     vi*, V*   

ii        
vii        
V   vi     

iii        
 
Fig. S9. This table identifies the three-chord major-key progressions not found in 

Mozart!s music, even though they concatenate permissible two-chord 

progressions.  Each cell shows chords that do not lead to the progression  
(row label)!(column label), even though they do lead to the chord (row label).  

Thus the “vi” in the fifth column of the first row shows that vi–I–vii° does not occur, 

even though vi–I and I–vii° do. 
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OVER UNDER 

IV6–Iw–IV 
IV6–Iw–ii6 
iie–Iw–IV6 
vi–I6–ii6 

IV6–I6–IV 
ii–vii°–V 
vi–ii–V 
I–I6–V 

I–ii–vii° 
Iw–vi7–vii° 
IVw–I–IVw 

V7–I–Ve 
I–V7–Iw 
Ve–I–Iw 
Vr–I–V7 
I6–Vr–I6 
V6–I–Ve 
I–vii°6–I 
I6–I–V7 
V6–I–V7 

 

 

 

Fig. S10. The trigrams in the left column appear more frequently than would be 

expected, based on the bigram frequencies; those on the right appear less 

frequently.  In most cases, it is easy to explain why this is so. 
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         I – vi – IV – ii – vii°  – V
S D

to vi or IV6

to I6

 
 

1. Any major or minor triad can be preceded by its own dominant (V7, vii°, or vii°7) 
2. These dominants can occasionally be preceded by their own IV, iv, ii, ii° chords, as 

appropriate to the mode of the chord being tonicized. 
3. V/x!x progressions can occasionally be repeated. 

4. V7/x can proceed to V7/y or vii°/y, when y is a fifth below x, and where x!y is 
permissible. 

5. V7/x can occasionally resolve deceptively, to vi/x or VI/x, as appropriate to the mode of 
the chord being tonicized. 

 

Fig. S11.  The nonrecursive harmonic theory of Fig. 1D, expanded so as to 

permit “applied dominant” chords.  The new nonrecursive model accounts for 

about 95% of the (major-mode) “applied dominant” progressions in Bach and 

Mozart. 
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V/IV   !
   V/fVII   !

   V/fIII   !   V/fVI   !   V/fII   !
   V/fV = V

/sIV
   !

   V
/V

II 
  !

   V
/III

   !
   V/VI   !   V/II   !   V/V   !

   V   !
   

         I – vi – IV – ii – vii°  – V

 
 

 

Fig. S12. A simple nonrecursive model that permits arbitrarily long chains of 

“secondary dominants.”  Here the outer circle represents a circle of the 12 

applied dominant chords, while the inner circle represents the basic model in 

Figure 1D.  For ease of legibility, not all arrows are shown.  One can add 

additional arrows without creating a recursive syntax. 
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